Bipartite fluctuations can provide interesting information about entanglement properties and correlations in many-body quantum systems. We address such fluctuations in relation with the topology of Dirac and Weyl quantum systems, in situations where the relevant particle number is not conserved, leading to additional volume laws scaling with the Quantum Fisher information. Through the example of the p + ip superconductor, we build a relation between charge fluctuations and the associated winding numbers of Dirac cones in the low-energy sector. Topological aspects of the Hamiltonian in the vicinity of these points induce long-range entanglement in real space. We provide a detailed analysis of such fluctuation properties, including the role of gap anisotropy, and discuss higher-dimensional Weyl analogues.
I. INTRODUCTION
Topological phases and topological quantum phase transitions have become ubiquitous in condensed matter physics. They are characterized by significant changes in the structure of the ground state, and therefore in its entanglement, while the response of local symmetrypreserving local observables are left invariant. A parallel subject of study are the different gapless systems related to the gapped topological systems, whether they describe typical critical points separating between these phases, or because they are themselves topological 1,2 . Two-dimensional Dirac materials (graphene, p + ip superconductor 3 ...) and threedimensional Weyl semi-metals are good examples of the latter. In both cases, the Hamiltonian in momentum space has a non-trivial structure close to a point-like Fermi surface (winding of the Dirac cone, or chiral charge of the Weyl node). The von Neumann entanglement entropy (vNEE) (and the entanglement spectrum) are useful tools in the study of such systems [4] [5] [6] [7] [8] [9] [10] [11] [12] : they can detect phase transitions, but also measure directly specific topological properties. Experimental measurements [13] [14] [15] [16] [17] of such quantities remain nonetheless challenging, in particular in solid-state settings. Several observables have been proposed as approximate entanglement measurements circumventing this limitation. In this paper, we study generalized bipartite charge fluctuations [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] . These fluctuations can be used to detect and characterize quantum phase transitions and gapless phases in one and two-dimensions 21 . In charge conserving systems, they present strong similarities with the von Neumann entanglement entropy, such as an area law for gapped ordered phases and a logarithmic growth for gapless (quasi-)ordered phases in one dimension. They can be directly measured in cold atoms experiment 28, 29 and in mesoscopic systems 19, 25, 30, 31 , but also through partial susceptibility measurements in actual materials 21 . Recently, we 27 generalized this approach to a family of one-dimensional topological models including the celebrated Kitaev superconducting chain 32 , and showed that the presence of a superconducting gap results in a volume type behavior of fluctuations, related to the quantum Fisher information. In addition, sub-dominant logarithmic contributions identify critical points and topological phase transitions.
The aim of this work is to further generalize the study of bipartite charge fluctuations to non-interacting gapless semi-metals in arbitrary dimensions, with a focus on the relation between topological properties of the Hamiltonian close to the gap-closing point and universal coefficient of fluctuations. As in one dimension, these conformal models can be characterized by the coefficients of subleading logarithmic terms in their vNEE. Instead of being simply quantified by one number such as the central charge, the coefficients will generically be non-trivial functions of the geometric shape of the entangling surfaces. We show that the bipartite fluctuations also present similar logarithmic terms. Although no simple relations can be extracted between coefficients appearing in vNEE and bipartite charge fluctuations, the latter can be used to characterize the topology and the nature of the Fermi surface (FS) in gapless models. Indeed, the scaling laws will be affected by the non-analyticities of the Hamiltonian at the FS, which in turns strongly depends on the topological properties of the model when the FS is zero-dimensional, i.e. restricted to a few isolated points. Additionally, these topological markers dominate the long-range behaviour of certain well-chosen correlators. Depending on the choice of observables, standard partial susceptibilities measurements can be used to detect this behaviour.
This paper is organized as follows. In Section II, we arXiv:1809.08252v1 [cond-mat.str-el] 21 Sep 2018 first introduce the general motivation of our work: bipartite fluctuations are an interesting, experimentally measurable quantity, that bring information on the entanglement structure and properties of a studied state. We then introduce the Bogoliubov formalism used to describe the generic non-interacting model we consider, and briefly introduce three models we use for illustration: the p + ip superconductor, graphene and Weyl semi-metal. After detailing the different observables, we present the central idea behind our results: non-trivial topological properties of the Hamiltonian close to gap-closing points translate into characteristic non-analyticities in momentum-space correlation functions. In turn, these non-analyticities determine the long-range behaviour of the real-space correlation function, which will therefore carry information on the different topological invariants. We then make an explicit link between the logarithmic anomalies that may appear in their scaling laws, and the topological structure around the Fermi surface. The rest of the paper is then devoted to an application of these concepts to the study and characterisation of two families of topological models. In Section III, we analyze the long-range correlations and bipartite fluctuations induced by the presence of isotropic Dirac cones with arbitrary winding number. We make a link with standard results on the entanglement entropy. In Section IV, we go beyond this simple picture to study the effects of anisotropy in the Dirac cones, and the presence of multiple cones such as in graphene. We show that, even in presence of multiple gap closing points, one can identify the topology of the semi-metals. Finally, in Section V, we extend these results to higher-dimensions. We consider there the example of type I Weyl semi-metals, and describe the signatures of isotropic Weyl nodes. Generalization to arbitrary dimension and number of bands is detailed in the concluding remarks.
Most of the technical difficulties are kept in Appendices for ease of reading.
II. ANALYTICAL FORMALISM
In this section, we begin by introducing the general properties of bipartite charge fluctuations, and their relation to entanglement entropy and mutual information. Then, we introduce the general Bogoliubov model used in the paper, followed by three concrete models: the p + ip superconductor, graphene and a Weyl semi-metal. We use them as go-to examples to demonstrate that bipartite charge fluctuations can identify gapless phases involving a single or many Dirac cones or Weyl nodes. Computation of certain correlators and bipartite charge fluctuations follows. In Section II C, we prove the relation between non-analyticities of the Hamiltonian near the Fermi surface, and the long-range behaviour of correlators and the presence of logarithmic coefficients in bipartite charge fluctuations. Finally, in Section II D, we discuss the presence of a dominant volume term in bipartite charge fluctuations appearing when charge conservation is not satisfied. The volume term exhibits nonanalyticities at critical points.
A. Bipartite fluctuations
We consider a d−dimensional system, noted S. For regularization purpose, we consider a lattice of S sites, which we will then take to infinity. Let A be a subregion of S andÔ an operator that can be written as a sum of local commuting operators acting on a unit-cell:
whereÔ r acts on the site r. We define the bipartite fluctuations ofÔ on A, FÔ(A) by 22 :
where the average is taken in the ground state.
As defined above, the fluctuations are always positive. They correspond to the local variance of the operatorÔ, that is to say the second order cumulants ofÔ A . IfÔ commutes with the Hamiltonian, the ground state can be taken to be an eigenvalue ofÔ. Then, the fluctuations verify the following set of entropy-like properties:
• the fluctuations cancel for a product state (the reciprocal statement is mathematically false but empirically true as long as there is no local conservation of the charge),
• they are in fact symmetric (FÔ(A)=FÔ(A)),
• they admit a weak form of sub-additivity: FÔ(A)+ FÔ(B) ≥ FÔ(A∪B) where the last term identically vanishes ifÔ is conserved in A ∪ B.
Finally, we note that for non-interacting Fermi gases (with conserved particle number), a universal ratio 33 exists between the dominant coefficient of the charge fluctuations and the vNEE (and all Renyi entropies S α ):
All of these properties break down whenÔ is not conserved, which is the focus of this paper. In particular, the fluctuations now also depend on the total volume of A. For one-dimensional systems, bipartite charge fluctuations exhibit subleading logarithmic scaling terms at phase transitions 27 . For Kitaev's chain 32 , the logarithmic coefficient verifies Eq. 3, up to a minus sign, and thus reveals the value of the central charge. The minus sign is a result of the underlying Ising critical model 27 .
As a side remark, we note that one can introduce another observable, the mutual charge fluctuations, measuring entanglement between subsystems. In analogy with mutual information, it takes the form
n( k) is the spectrally-flattened Hamiltonian 34 , with the same eigenstates, and therefore correlations, as the original Hamiltonian (8).
Models
Dirac semi-metals are interesting examples of two-dimensional gapless metals, which include graphene 35 but also topological systems such as p + ip superconductors 3, 36 . Note that our results also apply for Chern and topological insulators [37] [38] [39] , and for spinful superconductors such the d-wave superconductors. Their Fermi surface is point-like, and they are characterized by the presence of Dirac cones around which the Hamiltonian exhibits non-trivial windings.
Graphene consists in normal fermions hopping on a hexagonal lattice. Noting A and B the two triangular sublattices, its Hamiltonian for each wave-vector k in the Brillouin zone, can be written as 40, 41 
with
where c A/B are spinless fermionic annihilation operators on the sublattice A or B and t the hopping strength. The lattice spacing is set to 1. In our Bogoliubov formalism of Eq. 8, it translates into:
The system is gapless with two different Dirac cones at K ± = ±( 4π 3 , 0), with opposite winding numbers. Indeed,
The gap closes linearly with a non-trivial pseudo-spin texture that gives rise to a topological invariant: the winding number. The winding number m ± of the Dirac cone at the point K ± can be defined as follows: let C ± k be a contour circling either K ± , we then have:
This winding number (or the associated Berry phase) can be inferred from quantum Hall and de Shubnikov de Haas measurements, scanning probe tunneling and Klein paradox measurements [42] [43] [44] [45] [46] [47] .
The p + ip superconductor 3,36 is a two-dimensional model of fermionic superconductor with unconventional superconductivity. For convenience, we limit ourselves to a regular square lattice. Its tight-binding Hamiltonian is given by: (18) where c are spinless fermionic annihilation operators, < r, r > represent the nearest-neighbor links and e x/y the lattice-defining vectors. ∆ x and ∆ y are taken to be real and positive and represent mean-field, p-wave superconducting pairing order parameter. The corresponding Bogoliubov Hamiltonian is characterized by:
Several experiments have been proposed both in mesoscopic structures and cold atoms to realize such models [48] [49] [50] [51] [52] [53] . Assuming non-zero ∆ x , ∆ y and t, the system is in a phase of normal superconductivity for |µ| > 4t. For 0 < |µ| < 4t, it is topological, with Chern number ±1. The system is characterized by the presence of Majorana fermions at the core of vortex excitations in real space [54] [55] [56] , and of free Majorana modes at the boundaries 36 . At the |µ| = 4t critical point, the system is gapless with a single Dirac cone at one of the time-reversal symmetric points ( k = 0 or k = (π, π)). The winding number of the cones is still given by Eq. 17. The µ = 0 critical point separates the two topological phases, and presents two Dirac cones with identical winding numbers at k = (0, π) and k = (π, 0).
Weyl semi-metals [57] [58] [59] [60] [61] [62] are an ubiquitous example of three-dimensional topological semi-metals arising in solid-state physics. In these materials, the gap closes only at a finite number of momenta, the Weyl points, that can have a non-trivial topological charge (chirality), though the total band structure is topologically trivial. In the rest of the paper, we will focus mainly on effective models close to the Weyl nodes, but for completeness, a possible momentum-space tight-binding Hamiltonian for each wave-vector in the Brillouin zone for a two-band Weyl semi-metal is 63 :
where σ is the vector of Pauli matrices, Ψ † k
), t x and t y are Rashba spin-orbit couplings, and B z is a Zeeman field. For non-zero t x , t y , and for |B z + 4t| < 2t, the model is a semi-metal: the gap closes linearly at k 0,± = (0, 0, ± arccos
Bz+4t
−2t ) 64 . The two gapless points are called Weyl nodes: the low-energy Hamiltonian close to the nodes is the Weyl Hamiltonian:
with v ± x/y = −2t x/y and v
. These nodes carry a topological charge: the Chern number of the Hamiltonian computed on a surface enclosing only one of the nodes is equal to ±1
62 . In the limiting case we study here, it reduces to sgn(ñ xñyñz ) computed at the nodal point.
In the next sections, we address how the winding number of a Dirac cone (Sections III and IV) or the topological charge of a Weyl point (Section V) relate to the bipartite charge fluctuations.
Correlators and fluctuations
The two types of two-point correlators we consider are the simplest two-and four-fermion operators. Let us define Ψ r the fermionic spinor in real space (Fourier transform of Ψ k ), andn( r) the Fourier transform of the spectrally-flattenedñ( k):
where S is the total number of sites in the system. The first correlator we consider is simply a well-chosen Green's function.
The second correlator is the building block of the bipartite fluctuations. Let us first consider a nonsuperconducting model. A complete basis of the (non zero) local fermionic bilinears is given by:
The first one, corresponding to the total number of electrons in the unit-cell, actually globally commutes with the Hamiltonian in Eq. 8. Let us first consider fluctuations of the other three correlators. They correspond to the different (pseudo-)spin polarization. We define:
Computing the correlator is straightforward, thanks to Wick's theorem and charge conservation. An integral form can be given:
where A BZ is the area of the Brillouin zone, the kernel K( k, r) is simply e i k. r , (.) α is the Minkowski scalar product with a −1 carried by the coordinate α and δ r,0 the Kronecker symbol. As a general rule, these integrals are elliptic and not analytically computable. It is convenient to remark that:
where ||.|| 2 α is the Minkowski norm. For the total charge component, one obtains:
For superconductors, the derivations are similar. In this case however, only the component
vanishing in S r -the Pauli principle enforces the others two to vanish. The knowledge of these different correlation functions gives access to bipartite charge fluctuations when summed over lattice positions
corresponding to the right-hand-side of Eq. (27) with the kernel
and the contribution q e V A /4 instead of the first term. The analysis of this kernel will be fundamental to determine properties of charge fluctuations. We conclude this Section with the useful formulation:
and the definition of the Heisenberg isotropic spin-spin fluctuations:
where F 00 are the total charge fluctuations, V A is the volume of the sub-region A (the area in two dimensions). Note that one can reexpress Eqs. 33 and 35 in terms of entangling surfaces as shown in Eq. D2: the volume sums can be rewritten in the continuum limits as integrals over the boundary of A. This formulation is particularly useful to capture the subvolumic contributions to the fluctuations.
C. Fejér kernel properties and scaling laws
Scaling laws and non-analyticities
The long-range properties of all the aforementioned observables depend on the long-range behavior of the Fourier transform of the spectrally-flattened vectorñ( k). In this section, we study its generic dependence on the Fermi surface, and give the universal scaling laws that appear in both the correlators C 1 and C 2 , and the bipartite charge fluctuations.
It is a well-known mathematical result that the scaling of the Fourier transform of a function g is directly related to its non-analyticities. The best-known example is in one dimension (d = 1). Letĝ be the Fourier transform of a periodic function g. If g is p-differentiable with g (p) continuous by part, theng(r) = O(r −(p+1) ). By applying these results toñ( k) and the correlators C 1/265 , this property immediately recovers that, for a gapped system, in the absence of long-range term in the Hamiltonian, correlations decrease faster than any power-law (exponentially). On the other hand, semi-metal gapless models exhibit non-analyticities inñ(k) resulting in a power-law decay of the correlation functions in real space.
Similar results for multi-dimensional Fourier transform are scarce. Difficulties arise from the wider variety of singularities that exist in a higher-dimensional manifold. An important mathematical notion for classifying the correlation functions is the concept of Sobolev spaces 66 , that categorize the convergence speed of |ĝ( r)| some physical consequences of this classification. As the semi-metals we consider have a zero-dimensional Fermi surface, non-analyticities will generally be generated by (partial) winding around the gap-closing momenta. In particular, a topological charge will lead to a characteristic set of non-analyticities.
Kernel properties for the bipartite fluctuations
The previously derived kernel K naturally arises in interferences problems (but interestingly also in some derivation of the entropies 67 ). It is a multi-dimensional generalization of the Fejér kernel, and depends on the exact geometric shape of A. It verifies:
when A covers the entire system.
(37) V A is the number of sites (volume) of A and δ d is the Kronecker symbol if we consider the lattice theory, and the d−dimensional Dirac delta in the continuum limit. This relation implies that the dominant scaling term in the bipartite fluctuations will be proportional to the volume V A of A:
We define
Due to charge conservation, i 00 vanishes. We discuss the properties of i αα in the next Section.
D. Dominant scaling term and Quantum Fisher information
Given the previously obtained scaling laws, we can present a systematic physical interpretation of the coefficient of the dominant volume term. Indeed, for any observableÔ whose fluctuations take the form of Eq. 2, one trivially obtains:
that is to say that the volume coefficient coincides with the density of fluctuations of the total system in the thermodynamic limit, a non-universal quantity. This coefficient will be therefore non-zero if and only ifÔ is not globally conserved in the system. Remarkably, for a pure state at T = 0 , iÔ is actually the Quantum Fisher Information density [68] [69] [70] (QFID) associated toÔ. It has been used to characterize several transitions [71] [72] [73] [74] [75] .
The QFID gives a bound on the producibility of the ground state in real or momentum space 76, 77 . Noninteracting models with two bands, the primary focus on this paper, are always 2-producible, implying a universal bound
More details are given in Appendix C.
iÔ presents characteristic non-analyticities at phase transitions. As an example, i ZZ in a Kitaev's wire has a discontinuity of its derivative at the phase transition between the topological and the non-topological phases 27 . Similarly, for the p + ip superconductor introduced in Eq. 18, the second derivative of the QFID presents logarithmic divergences at the phase transitions, when varying the chemical potential, as shown in Figure 1 . As a general rule, when crossing a phase transition while varying the chemical potential, and if the critical phase has a point-like Fermi-surface with linear dispersion, the d th derivative of the QFID should be discontinuous for odd physical dimensions and diverge logarithmically in even dimensions.
A similar increase of order has been observed in other thermodynamic quantities for these topological transitions 78 , and is a simple consequence of the pointlike nature of the Fermi surface. Note that, due to the general non-conservation of the charges we observe, the usual relation between charge fluctuations and susceptibility 79 at finite temperature is no longer valid. This is both an advantage: the analytical structure of the fluctuations is much simpler, and has a more explicit dependency on the topology of the Fermi surface, and a drawback: they become more challenging to experimentally measure compared to susceptibilities or compressibilities. The total charge fluctuations F 00 are the exception to that rule, and should therefore be more easily accessible. Fluctuations are also numerically useful, as they are straightforward to compute in most simulations scheme and allow access to the Luttinger parameter with high accuracy in Luttinger Liquids 21, 80 .
III. SIGNATURE OF WINDING NUMBER FOR A SINGLE DIRAC CONE
In this Section, we study a system that presents only a single Dirac cone, and generalize in the following Section. We first present some general properties of the long-range behaviour of the chosen correlators and their relation with the Fermi surface topology. Then, we focus on charge fluctuations. The non-trivial winding of the Dirac cone leads to characteristic non-analyticities of the Hamiltonian, which in turns implies the following scaling laws for charge fluctuations: 
Below, we compute the corner functions a αα/Hei (ψ) and show their relation with the cone's winding number. We also discuss the relation with a similar scaling in the entanglement entropy.
A. Generalities
We study a system that presents only a single Dirac cone at k 0 (taken to be 0 for simplicity of notations), with a winding number m = 0. We assume rotation invariance of the cone such that the effective low-energy Hamiltonian can be written as:
close to the Dirac cone. To properly regularize the various integrals, we consider for now a square lattice, and later generalize to other forms. Note that in the p + ip model, the n z component is not identically zero.
Nonetheless, it vanishes faster than the other two components at the gapless point, making it irrelevant for the purpose of bipartite charge fluctuations. Due to the isotropy of n( k), computation ofn at large r is straightforward:
where (r, θ) are the polar coordinate of r. From this expression and Eq. 28, one directly recovers the correlation functions C 1 α (Eq. 24), and C 2 αα (Eq. 26).
The winding number of the cone can be extracted from the correlators C 
B. Logarithmic contributions and corner functions
Before discussing in length the corner function for bipartite charge fluctuations, let us briefly summarize related results for the entanglement entropy (or vNEE) in the CFT-invariant case m = ±1. The entanglement entropy of a subregion A takes the scaling form
where b S is a corner contribution, similar but distinct from the coefficient b αα and b Hei in Eq. (42) . b S is the sum over all sharp angles of A,
where the universal corner function 81-85 a S satifies the symmetry property a S (ψ) = a S (2π − ψ). Its exact analytical expression is not known, but high precision approximations can be found in Ref. 86 . We compare below the corner function a S (ψ) with the corresponding corner function a ZZ (ψ) = a Hei (ψ) for bipartite charge fluctuations (a XX/Y Y (ψ) break rotational invariance, see Eq. (46)).
Exact corner function
We focus first on computing the contribution of a single corner for the charge (ZZ) and spin-spin (Hei) fluctuations. To do so, we consider a quadrant of angle ψ shown in Fig. 2 and compute the coefficients b ZZ and b Hei which involve three corners with angles ψ, π/2 and another π/2. As shown in Appendix D, the contributions of the different corners can be separated. We therefore obtain for a single corner of angle ψ
parametrized by the winding number m of the Dirac cone. Fig. 3 shows the comparison between the corner function Eq (49) 
Multiple corners: parallelograms
We study the case where A possesses multiple corners and verify that their contributions add up separately, with the example of a parallelogram for the subregion A, r ∈ A if r = r u u + r v v with 0 ≤ r u < l u and 0 ≤ r v < l v .
(50) For A to describe a complete cover of the sublattice it encloses, the parallellogram generated by u and v must be of area 1. For a discrete lattice, it limits the possible choices for u and v, but a proper regularization allows for a direct computation at all angles. Let us introduce the notations:
We compute the kernel K and obtain:
which, from Eq. 28, leads to the simple expression for the bipartite fluctuations:
The logarithmic term can only arise from the series: ). Top right: A is simply a square sub-region of the square lattice. It respects the symmetries of the model. Bottom left: we can also choose a parallelogram generated by the vectors u and v. The area of the unit-cell they generate is one, and therefore the parallelogram is a complete cover of the lattice. We note ψ the angle between u and v. Bottom right: another possible choice for u and v. The parallelogram is still well defined, but as the area spanned by u and v is equal to 2, all sites in A are not an integer linear combination of u and v (only those in red). A properly taken continuum limit also deals with such parallelograms. whose dominant scaling term can be exactly computed (see Appendix D 2 b). We consider l u and l v to be of the same order. We introduce the corner functionsã m
We takeã n = 0 for n odd. The logarithmic contributions appearing for our chosen region A have the following coefficients:
The first expression coincides with the sum b ZZ = 2a ZZ (ψ) + 2a ZZ (π − ψ), showing the additivity property for the different corners of the parallelogram.
Lattice independence and contributions of smooth domains
The above computations have been performed for a standard square lattice although the expression of the corner function was obtained after a continuum limit. They can be generalized to an arbitrary lattice by again considering a single corner contribution to the logarithmic scaling term, namely a ZZ (ψ) and a Hei (ψ). The area of the Brillouin zone A BZ is no longer 4π 2 which renormalizes the correlators C (49) is therefore renormalized by the prefactor
and is, as a result of the lattice identity A BZ A x, y = 4π 2 , unchanged. Hence, we have shown that the corner function a ZZ (ψ) is valid for an arbitrary lattice and applies also for graphene or other hexagonal geometries.
Computing the fluctuations arising from a disk, that is to say a smooth regular subsystem without corners, is a simple check to confirm that logarithmic contributions only arise from boundary defects. By rotation invariance, one straightforwardly obtains that:
The charge (and spin-spin) fluctuations do not vanish. Working in the continuum limit, we introduce the regularizing functionĝ
which captures the long-range behavior of ||n( r)|| 2 Z (ε is a cut-off to avoid unphysical divergence). Aŝ g ε ( r)||n( r)|| −2 Z = 1+O(r −1 ), the logarithmic fluctuations induced byĝ are the same as the one induced byn( r). From Eq. 33, one obtains for a disk A:
which proves that no logarithmic term arises on the disk. It will be generally true in even space-dimensions.
IV. TWO DIMENSIONS: BEYOND THE SINGLE ISOTROPIC DIRAC CONE
So far, we only treated minimal models that possess a single rotationally-invariant Dirac cone. In such case, the simple topological structure of the cone is easy to read in the different correlators and bipartite charge fluctuations. In this Section, we propose to go further. We start by discussing how to recover the previous results when several Dirac cones are present, as is the case in graphene or at the µ = 0 critical point of the p + ip superconductor. We then consider the effect of anisotropies on corner functions. Though more complex, a careful study of the new corner functions recovers the topological structure of the cones.
A. Structure factor
Due to symmetries or topological arguments, multiple Dirac cones appear in numerous condensed matter systems. The typical example is of course graphene, but similar structures also appear at the half-filling transition point of the p + ip superconductor, with Dirac cones opening at momenta (0, π) and (π, 0). For graphene, the two cones have opposite winding number, while the two cones have the same topological charge in the p + ip superconductor. The former is a "trivial" gapless system ( a standard mass term will typically gap out the system into a trivial insulator) while the second has a definite topological structure (a standard mass term will typically gap it into a topological insulator). By looking at the structure factor of the fluctuations, we can identifty these two situations as they lead to different spatial dependencies of the corner functions.
Logarithmic contributions to the BCF
We compute the logarithmic contributions to the BCF for several cones. We limit ourselves to the case of two Dirac cones for simplicity's sake, but results can be straightforwardly extended to any number of cones. Let K ± be the momenta at which the gap closes and m ± the corresponding winding numbers. We assume that both cones are isotropic and are locally described by Eq. 44. One obtains:
where θ is the polar angle associated to r, which in turn leads to
Summing the oscillating terms on a fixed r contour gives a term proportional to the Bessel function J m+−m− (r| K + − K − |) and therefore leads to no contribution to the logarithmic term. The associated corner function is therefore simply given by:
which generalizes to multiple cones with windings m j :
The logarithmic contributions of the different cones are consequently additive, similarly to entanglement entropy. Additivity of the charge fluctuations was also proven in the case of a one-dimensional Fermi surface 90 .
Structure factor and relative signs
More information can be recovered through the study of the structure factor of the BCF -or equivalently the (partial) Fourier transform of the correlation function C The structure factor has similar scaling laws, with a dominating volume law of coefficient:
with ( . ) α the Minkowski scalar product associated to || || α . Logarithmic contributions can arise if the phase is gapless. For zero-dimensional Fermi surfaces, such contributions will appear only if there exists k 0 such thatñ ( k) is singular both at k 0 and k 0 + φ. Consequently, logarithmic terms appear here only if φ = 0, ±( K + − K − ). Indeed, one obtains:
For φ = ±( K + − K − ), the only relevant contribution is:
As discussed in Appendix D 2 b, if m + − m − is odd, no logarithmic term appears in bipartite charge fluctuations. On the other hand, if it is even, a logarithmic term is present with prefactor
withã defined in Eq. 54-56. While in the thermodynamic limit the logarithmic terms only appear precisely at φ = 0, ±( K + − K − ), finite-size effects induce logarithmic corrections when
A , where A A is the area of the larger subregion A considered.
B. Anisotropies
Introduction of anisotropies in the energy dispersion is necessary if one wants to analyze the response of real materials. On the theory side, it is also interesting as rotational invariance is broken as well as conformal symmetry. The simple analytical structure of bipartite charge fluctuations allows for the computation of the induced anisotropic corner functions. To simplify notations, we only consider models based on a square lattice, and cones with winding number ±1.
We consider a general case where
close to the Dirac cone. n z ( k) is still assumed to be of higher order. The p + ip superconductor considered in Eq. 18 reduces to such a low-energy theory for |µ| = 4t and |∆ x | = |∆ y |. Let us define the transformation:
The winding number of the Dirac cone is sign(J). When it cancels, the winding is indeed 0 and there are no logarithmic contributions. The logarithmic contribution to the BCF is captured by the test function:
where h reg is a smooth, arbitrary cut-off function with h reg (0) = 1. We then computeĥ R , the Fourier transform of h R . Taking h
θt R −1 r is the polar coordinate of the vector t R −1 r. If R is an orthogonal transformation, the logarithmic coefficient is consequently not affected by the transformation. Indeed, such a transformation is equivalent to a simple change of basis.
More general transformations deform the corner functions as they locally change the metric and angles. Moreover, as anisotropies appear, the corner function becomes also function of the direction of the region A.
Deformations of the cone are equivalent to deformations of the region A. Note that the transformation R cannot make new angles appear: logarithmic contributions still arise from the original angles, whose amplitudes are renormalized.
We give as example an analytical formula when R is a simple anisotropic dilatation. It corresponds to a cone where the two velocities in the x and y directions differ.
We have then: ∆ Fig. 2 . Then the angle between t R −1 u and t R −1 v is still in the first quadrant and given by:
and the associated corner function is simply a α (ψ, θ u ) = a(ψ) with a the corner function for the isotropic cone. Its coefficient is invariant. ψ in [
, π] is obtained by symmetry. In particular, for u = e x and v = e y , the logarithmic coefficient is not affected.
V. HIGHER DIMENSIONS: WEYL SEMI-METALS
Our previous results can be extended to higher dimensions, and in particular to Weyl semi-metals. Bipartite charge fluctuations can be used to directly identify the chiral charges of Weyl nodes. In this Section, we investigate bipartite charge fluctuations for isotropic Weyl nodes and give formulas for three-dimensional generalizations of corner functions. Weyl points translate into non-resolvable points in the flattened Hamiltonianñ( k), which are responsible for logarithmic contributions to bipartite fluctuations. The general scaling law for bipartite charge fluctuations has the form (73) with V A the volume, A A the surface and l A a characteristic length of A. i α,α is still the quantum Fisher information density. Note that in three dimensions, logarithmic contributions can also arise from smooth (curved) entangling surfaces.
We focus below on the most simple case of a single isotropic Weyl point with chirality m = ±1 contributing to bipartite spin-spin (Hei) fluctuations. We derive in particular closed-form expressions for a set of corner functions. We also briefly discuss the generalization to Weyl points with a higher charge.
A. Model and universal correlation functions
Let us assume an isometric (v x = v y = v z = v F in Eq. 22) Weyl point centered at the momentum k = 0, with the low-energy Hamiltonian
with v F the Fermi velocity. For the specific Weyl model of Eq. (20), one has v F = |2t x | = |2t y | = 4t 2 − (B z + 4t) 2 . The chiral charge of the Weyl point is det(D). Without loss of generalities, we can fix two of the components of D, and take
Either taking advantage of the rotational invariance or by using the plane wave decomposition in spherical harmonics and spherical Bessel functions (see Appendix D 3 a for a detailed computation), one obtains the dominant contribution ton:n
As in two dimensions, this contribution is universal: microscopic details of the theory will only affect less relevant terms as long as the WP can be described by the Hamiltonian in Eq. 74.
B. Logarithmic term in fluctuations
We focus on the Heisenberg spin-spin fluctuations F Hei since the other charge fluctuations depend on the orientation of A. While logarithmic contributions are present at the same order, contrarily to the two-dimensional case, they will be present even for a spherical subregion A. We derive the contributions to the logarithmic term b Hei in Eq. (73) 
When the sub-region A is a sphere, we obtain
For A a cylinder of radius R and length l, we obtain:
Then, two types of singularities in the region A may lead to anomalous contributions. The presence of (infinite) wedges lead to a logarithmic term:
where ψ is the angle formed by the wedge. Finally, the presence of singular points forming a cone leads to universal unusual terms of the form:
These results are coherent with the form obtained for the entropy in 3 + 1D CFTs 91-96 and we conjecture that fluctuations follow the same geometry-imposed rules.
C. Multiple contributions: parallelepipeds
As a general rule, Eq. D2 indicates that the contributions of the different corners on the boundary are additive if they lie far enough from each other. On the other hand, it is possible for them to interfere in more complex geometries. The typical example we present here is the case of a parallelepiped. Indeed, the different wedges that appear in such a geometry are not independent: the three intersecting wedges forming 3D corners interfere and lead to a specific response which cannot be reduced to the sum of its parts.
The method used for computing the integral is a generalization to three dimensions of the method presented in App D 2 b. For a parallepiped generated by the three vectors ( e x , tan ψ e x + e y , e z ), one obtains a contribution of the form
The different wedges contributions are no longer additive as wedges are not infinite and cannot be considered independently.
We conclude this Section by mentioning the case of Weyl nodes with a higher chirality such as the low-energy formñ
for the flattened Hamiltonian, corresponding to a chiral charge m. The same calculation as for m = ±1 can be reproduced by using the spherical harmonics decomposition of the Fourier transform discussed in Appendix D 3 a. The resulting expressions for correlation functions and bipartite functions are nevertheless cumbersome and shall not be given here.
VI. CONCLUSION
Bipartite charge fluctuations and the long-range behaviour of two-and four-body correlators are related to the non-analyticies of the Hamiltonian at the Fermi surface. Semi-metals, which have a set of Fermi points instead of a surface, exhibit topological markers such as non-trivial winding numbers around these non-analytical Fermi points. We showed that charge and spin correlators present asymptotic behaviour at large distance controlled by the vicinity of the Fermi points with coefficients directly related to winding numbers. They thus provide an alternative probe for topological invariants characterizing isolated gapless nodes. Moreover, these correlators translate into bipartite charge fluctuations with subleading logarithmic scaling terms which also depend on the winding numbers and can be measured. We obtained that the logarithmic term results from additive corner contributions for which we derived a series of analytical expressions. Although the von Neumann entanglement entropy also exhibits a logarithmic scaling term with a corner structure, its corner functions are found to be quantitatively different from those of bipartite charge fluctuations.
In cases where there are many gapless Fermi points, such as Dirac cones or Weyl nodes, the structure factor associated to bipartite charge fluctuations recovers the topological charges (winding numbers) of the different nodes and therefore distinguishes a non-topological graphene-like structure, with two opposite topological charges, from a topogical p + ip superconductor-like structure (at half-filling), with two identical topological charges. Within these two models, the structure factor thus probes the topological character of the system. Although our study focused on two-dimensional topological superconductors, it can be generalized to topological insulators, such as Haldane's honeycomb model 37 . Our results also extend to situations where rotational symmetry is broken.
Finally, let us mention that our results can also be extended to nodeless models in higher dimensions and/or with a larger number of relevant bands. The low-energy Hamiltonian in d dimensions must take the particular form
where the matrices γ satisfy the Clifford algebra
and form an irreducible representation of SO(d). The number of components of the vector n( k) matches the number of independent matrices γ j . A simple example for SO (5) is provided by the set of matrices
describing a subspace of four bands. For the particular isotropic case where n( k) ∝ k, corresponding to a sort of higher-dimensional Weyl node, the correlation function can be computed
where Γ is the Gamma function, and used to determined bipartite charge fluctuations of the model. Also here, the emergence of these universal long-range properties are signatures of the presence of gapless points with a specific low-energy form. 
is simply e i k. r .
• For a gapped system, the energy E(k) never cancels. In the absence of long-range term in the Hamiltonian,ñ(k) is infinitely differentiable. Its Fourier transform therefore decreases faster than any power-law, corresponding to the exponential decay of correlations.
• For gapless systems, the gap cancels.ñ(k) may be discontinuous at the gap closing points, which leads to a decay ofn(r) of order O(r −1 ).
For multi-dimensional Fourier transform, the scaling of the FT will depend both on the dimension of the singular manifold (here the Fermi surface), and on the order of the singularities. The proper mathematical notion for classifying the correlation functions is the concept of Sobolev spaces 66 . We here briefly introduce this notion, and some expected results, and refer to standard textbooks for a complete description. We define the Hilbert-Sobolev space 
Physically, the functions we are interested in will only present non-analyticities on the Fermi surface, i.e. the manifold consisting in the vectors k ∈ BZ verifying E( k) = 0, of dimension d F 97 . For example, free noninteracting fermions in d dimensions generally have a d−1 dimensional Fermi surface, while Dirac and Weyl semimetals have a zero-dimensional (point-like) manifold. As a generic rule, a function g defined on
Kernel properties for the bipartite fluctuations
It is convenient to work in a simple geometry to get a better idea of the different scaling terms that may appear in the bipartite fluctuations, or in the correlations due to the kernel K( k, A). We take A to be a d− dimensional rectangle parallelepiped, oriented according the Cartesian coordinates, and of length l 1 × l 2 ... × l d . Then the kernel K takes the form:
where f F is called the Fejér kernel. It is a recurring function in interference problems that, as a remarkable example, appeared in Ref. 67 in the computation of bounds for the vNEE, that were used to check the violation of the area law for two-dimensional free fermions with a one-dimensional Fermi surface. It has two remarkable convenient properties: first, it has a fairly simple expression in terms of Fourier coefficients:
Secondly, it is a uniform approximation of the Dirac delta for convolutions. For such a subsystem A, the bipartite fluctuations can be expressed as:
... 
...
(B6) P m (Q m ) are polynomials consisting in a sum of monomials of degree m. Determining the scaling laws of the fluctuations relies on evaluating these sums and the convergence speed of ||n( r)|| 2 α . The links between classification of the scaling laws of the bipartite fluctuations and the classification in terms of Sobolev spaces is therefore straightforward.
An example: scaling laws in one dimension
We here summarize for reference, and as an introductory example for one dimensional systems, some results that can be found in Ref. 27 . Let us consider the example of the Kitaev chain 32 . It consists in a wire of spinless fermions, with superconducting p-wave pairing induced by proximity effect. It verifies:
∆, taken to be real, is the pairing term, t > 0 describe hopping between neighbouring sites, and µ is the chemical potential. For ∆ = 0 and |µ| < 2t, the wire is in a topological gapped phase, with winding number ±1 (it falls in the BDI class), and presents one zero-energy Majorana fermions at each extremity in an open geometry. For |µ| > 2t, it is in a trivial gapped phase. There are two families of critical lines, which we are interested in. In the rest, we assume µ < 0 for simplicity and compute the fluctuations on a segment of length l A . The line ∆ = 0 and µ = −2t corresponds to a critical c = 1 2 model in the Ising universality class (one free Majorana mode).ñ(k) is discontinuous only in k = 0: n(0 + ) = e y = −ñ(0 − ). As a consequence, we obtain:
On the other hand, ∆ = 0 and |µ| < 2t is a line of free fermions withñ
It is discontinuous at ±k F , with k F = arccos(−µ/2t) the Fermi momentum. As an immediate consequence,
Note the ratio of 2 in the logarithmic coefficient between the two critical line, corresponding to the ratio of central charges for these conformal models.
Appendix C: QFID
We define a state |Ψ to be r-producible in momentum space if:
or in other words, if |Ψ is the tensor product of states involving r fermions. Note that here N is the total number of fermionic operator (and not sites). Then, for any observable that can be writtenÔ = k∈BZÔ k , one has the bound:
where O max/min is the largest/smallest eigenvalue ofÔ k . The definition in real space is identical up to the basis change. One can apply this bound for our superconductors and insulators. We limit ourselves to charge and pseudo-spin density fluctuations, but the bounds will be valid for any polarization. For superconductors, N is the actual number of sites, whileÔ =Q =
For insulators, we need to slightly adapt our conventions to take into account the two fermions by unit-cell properly, and obtain the bound
The two-band non-interacting systems such as the ones studied in this paper are always 2-producible, which lead to the universal bound
Additionally, if iÔ > qe 4 , the linear term proves that the ground state is not 1-producible in real or momentum space, that is to say a simple tensor product of onefermion wave functions. Both for comparison, and for simplicity in computing the contribution of a single corner, it can be convenient to reexpress the bipartite fluctuations in terms of entangling surfaces. Let us consider Eq. (31) for bipartite charge fluctuations taken in the continuum limit r1, r2∈A
is an isotropic function. By applying twice the divergence theorem, we obtain
where ∂A denotes the boundary of A. Interestingly, this expression integrates only over the boundaries of A so that we can isolate the contributions to the logarithmic scaling of the different corner angles and compute them separately.
Two dimensions a. Extracting corner contributions
The contribution of a single corner is derived starting from Eq. D2 and keeping only the boundaries ∂A 1 and ∂A 2 , making an angle ψ, represented in Figure 2 . Taking f (r) = 
Taking the derivative with respect to l and computing the integral at large l gives
corresponding to the corner function Eq. 49 in the main text.
b. Computation for a parallelogram
The starting point is given in Eq. 53 that we reproduce here:
We start by taking the continuum limit, and proceed to a change of variable. We define (x, y) = r u u + r v v = J(r u , r v ). As ( u, v) generates a parallelogram of area 1, | det J| = 1, and one obtains: 
As g n,ε ( r)||n( r)||
, with C = 0, the logarithmic coefficient induced by ||n( r)|| 2 α is simply C times the one generated by g n,ε ( r). Integration on a parallelogram is tricky in this naturally polar expression, so we introduce The disc D of radius R min (R max ) is inscribed in P (circumscribes it), and one obtains: At fixed u, v, ψ, and in the limit where l u and l v grow at a similar pace when A → S, we directly obtain the coefficients given in the main text.
For an asymmetric growth of A, one can prove that the logarithmic term can be replaced by: We propose two possible computations of the Fourier transform of the flattened Hamiltonianñ( k) for a three-dimensional Weyl point. The first one is a direct computation using rotational invariance. The second method takes advantage of the plane wave expansion in terms of spherical harmonics. We assume an underlying cubic lattice for simplicity.
Let us first consider a single isotropic WP of Chern number ±1 given in Eq. 74. The singular contribution of the flattened Hamiltonianñ( k) is well captured by the regularized function: 
corresponding to the large distance asymptote forn( r) given in Eq. (76) . Alternatively, we note that the flat-band Hamiltonian can be written close to the WP as 
substituted in the Fourier transform ofñ ±1 ( k) (regularized as g( k)) in Eq. (D10), together with the orthogonality identity
and the integral In the case of higher chiralities |m| > 1, the flattened Hamiltonian has a form similar to Eq. (D11) but involving spherical harmonics of higher degrees. Nevertheless, the above second method can be also used for these chiralities with the result Eq. (D15).
b. Logarithmic contribution
In this Section, we extract the logarithmic contribution to the fluctuations in a three dimensional materials, induced by r 3 scaling terms. Let us first consider A to be a sphere of radius R. It is convenient to first study the spin-spin (Hei) fluctuations, whose long-range behavior is captured by the test function: g ε ( r) = 1 (r 2 + ε 2 ) 3 (D16) 
which leads to the coefficient given in the main text.
Appendix E: Relation between entropy and fluctuations for Dirac fermions
In this Section, we provide some supplementary details on the (lack of) relation between entropy and charge fluctuations for two-dimensional Dirac fermions. While most of the considered charges are not conserved, a direct comparison between the logarithmic contributions to the entropy and the fluctuations is still in order. As the corner functions differ, it is a priori impossible to obtain a constant ratio as in Eq. 3. There are, though, several limits one could consider (namely ψ → 0, π 2 , π).
Using the values given in Refs. 86 and 98, we obtain Table II. No simple relations can be extracted from these ratios.
